5-connected 3-polytopes are refinements of octahedra  by Barnette, D.W
JOURNAL OF COMBINATORIAL THEORY, Series B 42, 250-254 (1987) 
Note 
S-Connected 3- Polytopes 
Are Refinements of Octahedra 
D. W. BARNETTE 
Department of Mathematics, University of California, 
Davis, California 95616 
Communicated by the Editors 
Received November 27, 1985 
It is a consequence of a theorem of Steinitz that the boundary of every convex 
3-dimensional polytope is a refinement of the boundary of the tetrahedron. We 
show that if the graph of the polytope is 5-connected then its boundary is a 
refinement of the boundary of an octahedron. @?Z 1987 Academic Press, Inc. 
1. INTRODUCTION 
A 3-dimensional convex polytope (hereafter to be called a 3-polytope) P 
is said to be a refinement of a 3-polytope Q provided there is a 
homeomorphism of the boundary of P to the boundary of Q such that the 
inverse image of each face of Q is the union of a set of faces of P. 
A well-known theorem of convex polytopes (see [3, Chap. 111) in that 
every d-polytope is a refinement of a d-simplex. Since all d-polytopes have 
d-connected graphs this is saying that they are all refinements of the 
polytope whose graph is the smallest d-connected graph. 
If we consider 3-dimensional polytopes one might guess that the 
3-polytopes with 4-connected graphs are refinements of the 3-polytope with 
the smallest 3-polyhedral 4-connected graph, the octahedron. This becomes 
more believable in view of the fact that the duals of the 4-connected 
3-polytopes are refinements of the dual of the octahedron (i.e., the cube; see 
PI 1. 
The conjecture can, however, easily been seen to be false since the 
antiprisms all have 4-connected graphs and none is a refinement of the 
octahedron (except for the trivial case of the octahedron which is a 
refinement of itself). 
If we consider 5-connected 3-polytopes we can show that they are all 
refinements of octahedra. 
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It is a simple consequence of Steinitz’ Theorem [4] that a 3-polytope P 
is a refinement of a 3-polytope Q if and only if the graph of P is a 
refinement of the graph of Q. (A graph G is a refinement of a graph H 
provided there is a homeomorphism of G to H such that the inverse image 
of an edge of H is the union of edges in G.) 
In view of Steinitz’ Theorem we can prove this result if we can prove 
THEOREM 1. Every planar 5-connected graph contains a refinement of the 
graph of the octahedron. 
2. PROOF OF THE MAIN THEOREM 
LEMMA 1. In a 5-connected planar graph G there is a vertex such that all 
except possibly one face meeting that vertex is a triangle. 
Proof We shall use a discharging technique similar to the discharging 
techniques of Ape1 and Haken in their proof of the 4-color theorem [ 11. 
To each i-valent vertex of G we assign a charge of 4 - i and to each i-sided 
face a charge of 4 - i. By a well known consequence of Eulers theorem (see 
[3, Chap. 131) the total charge is C (4- i)(v, +pi) = 8, where vi is the 
number of i-valent vertices and pi is the number of i-sided faces. We now 
discharge the graph by moving f of a charge from each triangular face to 
each of its neighboring vertices. In the discharged graph every face now has 
nonpositive charge. If there is no i-valent vertex with at least i- 1 
triangular faces meeting it then after discharging each i-valent vertex has 
charge of at most 
4-i+ 
i-2 lo-2i -=- 
3 3 . 
Since i 3 5 in a 5-connected graph, each vertex has nonpositive charge. But 
now the graph has a total nonpositive charge. Since discharging does not 
change the total charge we have a contradiction. 
LEMMA 2. If G is a 5-connected planar graph and does not have a vertex 
surrounded by triangular faces or a 5-valent vertex with four triangular and 
one quadrilateral face then G contains the configuration A in Fig. 1. 
Proof To show this we modify our discharging rule. In addition to 
moving a charge of f from each triangular face to its neighbors we add the 
following rule: 
Move a charge of f from each 5-valent vertex meeting exactly 4 
triangular faces to the nontriangular face meeting it. 
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FIGURE 1 
After discharging, every vertex of valence 6 or more still has a negative 
charge. The 5-valent vertices will now have a non-positive charge. Any 
i-sided face with i > 6 will now have a charge of at most 
dyi+i- 12-2i 
3 
which is nonpositive. Since the total charge on the graph is positive, and 
quadrilateral faces will not gain any charge, it follows that a pentagon must 
have picked up at least 4 charges from it neighboring vertices. Thus we 
have that face and its neighbors forming the contiguration A in Fig. 1. 
For any vertex v of a planar graph G we define star (v) to be the union 
of the (closed) faces of G meeting o. We define link (21) to be the graph for- 
med by the vertices and edges of star (v) that miss v. 
If D and M’ are two vertices in G, we say that paths PI,..., P, are indepen- 
dent paths from v to MI if and only if the intersection of each two paths is 
(v, w). We shall use the following theorem of Whitney [5]. 
THEOREM. A graph is n-connected if and only if between each two vertices 
there are n independent paths. 
LEMMA 3. if G is a 5-connected planar graph then for every vertex v of G 
there is a vertex w of G not in star (v). 
Proof. Let II be a vertex of star (v). The graph of star (v) consists of a 
simple circuit (namely, link (v)) together with v and edges joining 21 to 
various vertices of link (II). In this graph there can be at most 3 indkpen- 
dent paths from u to v. Since 5 such independent paths exist in G, some of 
these 5 paths contain edges not in star (v). Note that if an edge not in star 
(v) joins two vertices of link (v) then G is only 3-connected, thus there must 
be a vertex not in star (v). 
LEMMA 4. If a planar 5-connected graph G contains configuration A then 
there exists a vertex of G not in A. 
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Proof: There must be an additional edge e of G meeting the vertex v. 
Let w  be another vertex of e. The reader may check that if w  is on the 
boundary of A then G is at most 4-connected, thus w  is a vertex not in A. 
THEOREM. Every Sconnected 3-poll’tope is a refinement of an octahedron. 
Proof Let v be an i-valent vertex with at least i- 1 triangular faces 
meeting it. Let w  be a vertex not in star (v). Let PI,..., P, be five indepen- 
dent paths from w  to u. Let xi,..., x5 be the first vertices of these paths that 
lie on link (v). 
Case I. All faces meeting v are triangular. In this case the portions of 
the paths P, ,..., P4 from xi ,..., xq to w, together with the edges VX~,..., vxq 
and link (v), form a refinement of the graph of the octahedron. 
Case II. The nontriangular face meeting v is a quadrilareral. At most 
one of x1 ,..., x5 will fail to be a neighbor of v. Suppose without loss of 
generality that it is x1, then an argument similar to that in Case I using 
paths P2,..., P, will give a refinement of the graph of the octahedron. 
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FIGURE 2 
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Case III. G is as described in Lemma 2. Let w  be a vertex not in A. Let 
PI 3 pz,..., P, be live independent paths from w  to u, and let x1,..., x5 be the 
first vertices of PI,..., P, lying on the boundary circuit C of A. There are 
numerous cases depending on the location of xi ,..., x5. Fig. 2 shows several 
of these cases. The reader may easily check that in all cases we may find a 
vertex z and a circuit C (heavy lines in Fig. 2) such that there are 4 paths 
from z to four of xi ,..., x5 in A such that C, together with these four paths 
and portions of the paths PI,..., P, give a refinement of the graph of the 
octahedron. 
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